Supersymmetrization of Quaternion Dirac Equation 
for Generalized Fields of Dyons 

A. S. Rawat(i), Seema Rawat^^) , Tianjun Li^^) and O. P. S. Negi^^'^^* 

March 4, 2013 

1. Department of Physics, H. N. B. Garhwal University, Pauri Campus, Pauri 
(Garhwal)-246001, Uttarakhand, India. 
2. Department of Physics, Zakir Husain College, Delhi University, Jawaharlal Nehru 

Marg, New Delhi-1 10002, India. 
3. Institute of Theoretical Physics, Chinese Academy of Sciences, Zhong Guan Cun East 
Street 55, P. O. Box 2735, Beijing -100190, P. R. China. 
4. Department of Physics, Kumaun University, S. S. J. Campus, Almora- 263601, 

Uttarakhand, India 
email: 1. drarunsinghrawat@gmail.com; 2. rawatseemal@rediffmail.com; 3. 
tli@itp.ac.cn; 4. ops_negi@yahoo.co.in 



Abstract 

The quaternion Dirac equation in presence of generalized electromagnetic field 
has been discussed in terms of two gauge potentials of dyons. Accordingly, the 
supersymmetry has been established consistently and thereafter the one, two and 
component Dirac Spinors of generalized quaternion Dirac equation of dyons for var- 
ious energy and spin values are obtained for different cases in order to understand 
the duality invariance between the electric and magnetic constituents of dyons. 
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1 Introduction: 



Symmetries are one of the most powerful tools in the theoretical physics. Relativistic 
quantum mechanics is the theory of quantum mechanics that is consistent with the Ein- 
stein's theory of relativity. Dirac[lj was the first who attempted in this field followed by 
Feshback and Villarsf^. Since relativistic quantum mechanics in 3+1 space-time dimen- 
sion becomes difficult because of different dimensionality of time and space. Nevertheless, 
the use of quaternions has become essential because quaternion algebra[3] has certain ad- 
vantages. It provides 4-dimensional structure to relativistic quantum mechanics and also 
provide consistent representation in terms compact notations. Quaternions have direct 
link with Pauli spin matrices where the spin |Sl E] plays an important role in order to 
make connection between bosons and fermions. Pioneer work in the field of relativistic 
quaternionic quantum mechanics was done by Adler[l] while Rotelli|6j and Leo et al[71|8] 
discussed the quaternionic wave equation. Gursey[9] and Hestens|ilOj reformulated the 
Dirac equation from quaternion valued terms showing that the algebraic equivalent of 
Dirac has been forced to break the automorphism group of quaternions. Supersymmetric 
formulation of quaternionic quantum mechanics [1] has been discussed by Davies jTl] into 
study supersymmetric quantum mechanics. More over, a lot of literature has been cited 
[12l[T3l[T2[T5l[l6l[I71[T8l[l9l[20l[2B describe the supersymmetry (SUSY) as the 

natural symmetry of spin - particles. Nicolai [21] has also introduced the SUSY for spin 
system in statistical mechanics. Consequently, supersymmetric method in quaternionic 
Dirac equation provides |JJJ the exact solutions of various problems. Keeping in view the 
advantages of SUSY and the applications of quaternionic algebra, we [251 [26] have also an- 
alyzed the supersymmertization of quaternion quantum mechanics and quaternion Dirac 
equation for different masses. Extending our results , in this paper, we have discussed 
the quaternion Dirac equation in electromagnetic field where the partial derivative has 
been replaced by the quaternion covariant derivative. The quaternion Dirac equation in 
electromagnetic field consists of two gauge fields subjected by two unitary gauge trans- 
formations in terms of two gauge potentials. These two gauge potentials are identified 
as the gauge potentials respectively associated with the simultaneous existence of electric 
and magnetic charge ( particles named as dyons |27 [ [2S J ). Accordingly, we have obtained 
the one and two components solutions of generalized quaternion Dirac equation of dyons 
for its different cases associated with its electric and magnetic constituents. Furthermore, 
we have analyzed, the supersymmertization of generalized quaternion Dirac equation of 
dyons for considering different cases of electric and magnetic fields interacting with electric 
and magnetic charges as the consequence of electromagnetic duality of dyons. 
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2 Quaternion Preliminaries: 



The algebra H of quaternion is a four- dimensional algebra over the field of real numbers 
R and a quaternion is expressed in terms of its four base elements as 



+ ei0i + e2(/*2 + e3(/)3(V/x = O,l,2,3) (1) 



where 00,01, 02 ,03 are the real quartets of a quaternion and eo, ei, 62, 63 are called quater- 
nion units and satisfies the following relations, 



Co = Co = 1, ; e] = -cq] 
eoCi = CiCo = Ciii = 1,2,3); 

CiCj = -6ij + eijkek(yi,j,k = 1,2,3) (2) 

where Sij is the delta symbol and Sijk is the Levi Civita three index symbol having value 
i^ijk = +1) for cyclic permutation, [Sijk = —1) for anti cyclic permutation and {eijk = 
0) for any two repeated indices. Addition and multiplication are defined by the usual 
distribution law {ejCkjei = ej{ekei) along with the multiplication rules given by equation 
([2]). HI is an associative but non commutative algebra. If 0o, 0i, 02, 03 are taken as complex 
quantities, the quaternion is said to be a bi- quaternion. Alternatively, a quaternion is 
defined as a two dimensional algebra over the field of complex numbers C. We thus have 
(p = V + e2U){v,u) G C) and v = (f>o + ei0i , a; = 02 — ei03 with the basic multiplication 
law changes to ve2 = —e2V.The quaternion conjugate is defined as 



(P = (Pi^e^ =00 - ei0i - 6202 - 6303- (3) 

In practice is often represented as a 2 x 2 matrix = 0o — i (X ■ where Co = /, Cj = 
—iaj{j = 1,2,3) and CTjare the usual Pauli spin matrices. Then = (720"^ cr2 with 0"^ is 
the transpose of 0. The real part of the quaternion 0o is also defined as 



i?e 0=^(0 + 0) (4) 

where Re denotes the real part and if Re = then we have = —0 and imaginary is 
known as pure quaternion written as 
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(j) =ei0i + 6202 + 6303- 



(5) 



The norm of a quaternion is expressed as N[(j)) = (jxp = (pcj) = X]^=o 0jWhich is non 
negative i.e. 

iV(0) = 101 =02 + 02 + 02 + 02 ^ i)et.(0) > 0. (6) 

Since there exists the norm of a quaternion, we have a division i.e. every has an inverse 
of a quaternion and is described as 




While the quaternion conjugation satisfies the following property 

0102 =02 01. (8) 

The norm of the quaternion ([1]) is positive definite and enjoys the composition law 

iV(0102) =iV(0l)iV(02). (9) 

Quaternion ([T]) is also written as = (0o, 0) where = ei0i + 6202 + ^303 is its vector 
part and 0o is its scalar part. So, the sum and product of two quaternions are described 
as 

— * — * 

(tto, a) + (/3o, 13) = {ao + /3o, a + 
(ao, a) ■ (/3o, = (ao/3o - "ct ■ ^ , ckq^ + ^o'(^ + "ct x ^). (10) 

Quaternion elements are non-Abelian in nature and thus represent a non commutative 
division ring. 

3 Quaternion Dirac Equation For Dyons: 

The free particle quaternion Dirac equation is described [B] as, 
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(11) 



where = ( " ' [is the two component spinor and 



^aix, t) = ^0 + ei t) = - ei (12) 

are the components of spinor quaternion \t' = \l/o + ei + 62 ^1^2 + 63 \l/3 and Dirac 7 
matrices are also expressed in terms of quaternion units i.e. 



To 



1 
-1 



Tj 



1 
-1 



(Vj = 1,2,3). 



(13) 



So, the set of pure quaternion field ([T]) remains invariant under the transformations 



0^0' = UcpU, U eQ, UU = 1. (14) 
Similarly, the quaternion conjugate (f) transforms as 



<j)' = U(f)U = U<j)U = -U(j)U = -(/)' (15) 

Any U Q has a decomposition like equation f ll4p which gives rise to a set {U G 
Q\ UU = 1} ~ SP{1) ~ SU{2). Though it has been emphasized earlier [4J that the 
automorphic transformation of Q— fields are local but one is free to select them according 
to the representations. On the other hand, a Q— field is subjected to more general S'0(4) 
transformations as 



^ 0' = f/,0[/2, Ui,U2eQ, UiUi = U2U2 = l. (16) 
So, the covariant derivative may then be described [4j in terms of two Q— gauge fields i.e 



D^(P = d^(f> + A^(P - (t)B^ (17) 
which is subjected by two gauges A-^ and transforming like 
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A'^ = U^A^U, + {^,U,)Uu 

B'^ = U2Bjr2 + {d^U2)U'2; (18) 

where ^4^ and may be identified as the four potentials associated, respectively, with the 
electric and magnetic charges of dyons in terms of U{1) x U{1) gauge theory |2B]. Here, 
the gauge transformations are Abehan and global The quaternion covariant derivative 
given by equation (fT7|) thus supports the idea of two four potentials of dyons. Accordingly, 
we way write the Dirac equation (fTTl) for dyons on replacing the partial derivative 5^ by 
covariant derivative D^as 



(i7^D^-m)^(a;,t) = (19) 
where the commutator is defined as 



[D^, D,] * = D^(D,*) - D,{D^,^) = F^,* - ^F^,. (20) 

Here the gauge field strengths F^^ and F^^^ are described [28] as the generalized anti- 
symmetric dual invariant electromagnetic field tensors for dyons and are expressed as 



F^, = d,B^ - d^B, - U.^Ud^A'^ - d^'A'^)- (21) 

which leads to the following expressions [28] for the generalized electromagnetic fields of 
dyons i.e. 



dt 

^ = — — - ^ip + ^ x^; (22) 



where {A^i} = |0, {-^p} — I'/'i ~^}' ^^^^^^^^^^^ electromagnetic field tensors 

(12T]) of dyons satisfy the following famous covariant form of Generalized Dirac-Maxwell's 
(GDM) equations in presence of magnetic monopoles[T] i.e. 
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where {j^} = ~ e^7^^and {A;^} = — A; | = g^7^^are described fIE\ 

as the four currents respectively associated with the electric e and magnetic g charges of 
dyons. We may now expend the four potentials (gauge potentials) in terms of quaternion 
as 



All = v4°eo + A'^ei + ^^62 + ^^63; 
Bf, =S°eo + B^ei + 5^62 + sj^eg. (24) 

As such, the Abelian theory of dyons can now be restored by taking the real part of 
the quaternion (l24l) Ay^ = Ay^ and = B^ implying that {A!^^)' = {A°^) = A^ and 
{BJ = {BD = B^. However, if we consider the imaginary quaternion i.e. A^ = —A^ 
and By = —By we have the SU{2) x SU{2) gauge structure where Ay = A'^Ca = A^^ei + 
^4^62 + ApCs and By = B'^Ca = B^ei + B^e2 + B^e-s. Thus, with the implementation 
of condition UiUi = U2U2 = 1 there are only the six gauge fields y4|^and B"^ associated 
with the covariant derivative of Dirac equation fll9p . The transformation equation flTB]) is 
continuous and isomorphic to 5*0(4) i.e. 



= {Ui(j)U2){Ui(t)U2) = U2<P Ui Ui(j)U2 = U2(j)(l)U2 = H- (25) 

The resulting Q— gauge theory has the correspondence 5*0(4) ~ 5*0(3) x 5*0(3) isomor- 
phic to SU{2) X SU{2). Accordingly, the spinor transforms as left and right component 
(electric or magnetic) spinors as 

(^e)' = f/l^e & ^ (^g)' = f/2^g. (26) 

The following split basis of quaternion units may also be considered as 



Un 



2(1+^63); 



Ml = ^(ei + ^62); , M* = i(ei-ie2) 



(27) 
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to constitute the SU{2) doublets. As such, we may express the Q— classes into five groups 
and can expand the theory with these choices. These five irreducible representations of 
5*0(4) are realized as 



1. (f/i,f/2)^SO(4)h^(2,2) 

2. {Ui,Ui) ^ SU{2) ^ (3,1) 

3. {U2,U2) ^ SU{2) ^ (1,3) 

4. ([/i,l) Spinor ^ (2,1) 

5. {U2, 1) ^ Spinor ^ (1,2). (28) 

Accordingly, it is easier to develop a non-Abelian gauge theory of dyons. It is to be men- 
tioned that the occurrence of two gauge potentials supports the idea of duality invariance 
among the electric and magnetic parameters of dyons. 



3 Supersymmetrization of Quaternion Dirac Equation 
for Dyons 

Quaternion Dirac equation ( ITT]) for dyons may now be written as 

hf.Df.ilj {x, t) =m%lj (x, t) (29) 
where 7 matrices satisfy the properties 

7o' = +l; 7N-1(V/ = 1,2,3) 
It^lu + lulpi = - 2g^^ {g^^ = -1, +1, +1, +1) (30) 

showing that 70 is Hermitian while 7/ are anti-Hermitian matrices. Accordingly, the matrix 
75 may be expressed as 



75 = 7o7i7273 

which satisfies the relations 



-1 

1 



(31) 
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7o75 + 757o =0; 
7(75 + 757« =0; 75 = -1- 



(32) 



It shows that the matrix 75 is pseudo scalar matrix. Furthermore, the quaternionic Dirac 
spinor ip = ipo + eiipi + 621/^2 + es'i/'s can now be decomposed as 



"(::)= 

in terms of two and four components Dirac spinors associated with symplectic representa- 
tion of quaternions ip = '0a+e2V'6with ■0a = ■0o+ei'0i ^ind iph = i^2 — ^i'ip3- Furthermore, we 
may also write one component quaternion valued Dirac spinor which is isomorphic to two 
component complex spinor and four component real spinor representation. Substituting 
the value of from equation (1X7147 ), we get 



^2 



(33) 



«7m (d^i^ i^, t) + e^A^V^ {x, t) - gij {x, t) B^) =17111; (x, t) . (34) 
Splitting 7^ ,d^,A^and in terms of real and quaternionic constituents, we get 



ho {doijj + eAoijj - gipBo) + iji {diip + eAiip - gipBi) =mip; 



(35) 



which is the general equation of spin-| particle (dyon) in generalized electromagnetic field. 
Equation (135|) may now be reduced as 



i'jo {-iEip + eAQip - gipBo) + 27; {ipiil) + e eiAiip - gipeiBi) =mi(j 



which can also be written explicitly as 



(36) 



iei 
-iei 



iEip + ieAoip-igipBo) + 
-Flip + ieeiAiif) — igipeiBi) — mip = 



(37) 
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Let us study the above equation for different cases 



3.1 Case (a) For electric field due to electric charge 

Let us discuss the case when we have only pure electric field associated with electric charge 
e. In this case we have Aq , Ai = 0, = so that the equation (l37j) reduces to 



1 

-1 



{E + ieAo 



iei.Pi 
-iei.pi 



^" )-m 1=0 (38) 



which further reproduces two coupled equations 



Ai/Ja = iei.Pi^pa = {E + ieAo + m)ii},] 



(39) 



where A = = ieipi.Th.ese two-coupled equations ( 15^ can now be decoupled into a 
single equation leading to its supersymmetrization as 



Pf^a,b = {{E + ieA 



oj 



(40) 



so that the super partner Hamiltonian may now be written as 



=AA^ = pf. 



(41) 



Corresponding Dirac Hamiltonian may be defined in the following manner where we have 
used the Pauli-Dirac representation i.e. 



D 



m ieiPi 
ieiPi —m 



(42) 



Let us write equation (H2|) as compared to the standard Dirac Hamiltonian given by 
Thaller ED as 



D 



Qd m_ 



(43) 
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which leads to M+ = M_ = and Qd — Qd — ieiPi along with the following supersym- 
metric conditions 



QdM+ ^M^Qd 

and the following expression for the square of the Dirac Hamiltonian i.e. 



(44) 



D 



{Pi + m^) 



(45) 



As such, we may write the Schrodinger Hamiltonian Hg and Supercharges Qg and Q\ as 



Ql = 



Pl 







leiPi 




ieiPi 



(46) 



which satisfy the following well known forms of supersymmetric (SUSY) algebra i.e. 



[4,4] = [qIh^ =0 
{4,4} = {Qi,Qi}=o 



(47) 



We may also obtain the following types of four spinor amplitudes of Dirac spinors i.e. 
• One component spinor amplitudes 



= 


(i+^2.^^^a^) 


{Energy — 


+ive, spin 


=t); 




(l + e2.^^^|fc)ei 


{Energy — 


+ive, spin 




^3 = 


(r ^'^'^^ \ 
E-+eAo+m^ 


{Energy = 


—ive, spin 


=t); 




(^2 El^^)ei 


{Energy = 


—ive, spin 


=;)• 
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• Two component spinor amplitudes 




= I je,Pi I {Energy = +ive, spin =t); 

E+—eAo+m 

= I .Jp \ ei {Energy ^ +ive, spinal); 



= I E.+eAo+m ^ {Energy ^ -ive, Spin ^t)', 



= I E_+^Ao+m ^ ei {Energy = -ive, spin =i). (49) 

• Four component spinor amplitudes may also be obtained by restricting the direction 
of propagation along any one axis which we suppose Z — axis i.e {p^ = py = 0) and 

on substitutmg ei — —lai and cti = , cr2 = ~ I 

\ 1 J \ i J \0— 1 

along with the usual definitions of spin up and spin down amplitudes of spin i.e. 



\ 



( 1 \ 



1^ 

E+— e Ao+m 

V ) 
( 
1 



V \s\ I 

1^ \ 





{Energy — +ive, spin —^); 



{Energy — +ive, spin —i); 



1 

V 

/ \ 

E_ +e Ao+m 





{Energy = —ive, spin = f); 



I 



\ 



{Energy — —ive, spin —i). 



I 



(50) 



As such, we have obtained the solution of quaternion Dirac equation for dyons in terms 
of one component quaternion, two component complex and four component real spinor 
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amplitudes. Equation (l50l) is same as obtained for the case of usual Dirac equation in 
electromagnetic field. Thus we may interpret that the = 1 quaternion spinor amplitude 
is isomorphic to = 2 complex and = 4 real spinor amplitude solution of Dirac 
equation for dyons. We can accordingly interpret the minimum dimensional representation 
for Dirac equation is = 1 in quaternionic case, A^ = 2 in complex case and A^ = 4 for 
real number field. 



3.2 Case (b): For magnetic field due to electric charge 

Let us discuss the case when we have only pure magnetic associated with electric charge 
e. In this case we have = , ^4/ 7^ 0, i?^ = so that the equation (P7|) reduces to 



1 

-1 




iei 
-iei 



-Pi + ieeiA^ 




m 



tpb 



-0 (51) 



which yields two coupled equations i.e. 



A^b = iei{Pi - i eeiAi)'il)b = {E - m)iia] 

Ma = iei{Pi -ieeiAi)ilJa = {E + m)!/;^, (52) 

where A = = iei{Pi — i eiAi). These two-coupled equations can be decoupled into a 
single coupled equation showing supersymmetry in the following manner 

[iei{Pi -ieeiAi)fija,b = [E - m'} ^Jafi (53) 
so that the super partner Hamiltonian may now be written as 



n_ =A^A = 'H+ = AA^ = [iei{Pi -ieeiAi)]\ (54) 
Thus the corresponding Dirac Hamiltonian may be defined in the following manner 



m iei{Pi-ieeiAi) ^^^^ 

iei{Pi - ieeiAi) -m J 

Like wise, the previous case of electric field, here in case of magnetic field we may also 
obtain M_|_ = M_ = m and Qd = Qd = i^i{Pi — i^^iAi) along with the supersymmetric 
condition and the following expression for the square of the Dirac Hamiltonian as 
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D 



[iei{Pi-ieeiAi)f + m'^ 

[iei{Pi-ieeiAi)f + m'^ 



(56) 



Accordingly we may write the Schrodinger Hamiltonian Hg and Supercharges Qg and Q\ 
as 



Qs 



[iei{Pi-ieeiAi)f 

[iei{Pi-ieeiAi)f 

[iei{Pi-ieeiAi)] 




[iei{Pi-ieeiAi)\ 



(57) 



Here, also //g, Qs and Q\ satisfy the well known supersymmetric (SUSY) algebra given 
by equation (H7|) . Consequently, we may also obtain the following types of four spinor 
amplitudes of Dirac spinors in presence of pure magnetic field as i.e. 



One component spinor amplitudes 



'^^ = (1 + 62. ^^'^'^^"^^'^'''^ ) {Energy = +ive, spin 

= (1 + 62. ^^^'^^E~+rn^^^^ {Energy = +ive, spin =\) 

= (62 — [^^'(-^"^^i"^')] ^ {Energy = —ive, spin =t) 

= (62 — ■'^^^^^-^^^^^)6i {Energy = —ive, spin =1). (58) 

Two component spinor amplitudes 



= I [^e,{P,-iee,A,) ] 1 (^^^^er^??/ = +^^^6, Spin =t); 

£++771 

= I [i e,(p,^ieeiA ,)] I ^1 {Energy = +ive, spin =1); 

[iei{Pi-ieeiAi)] 

\E'^ = I -B_+m j (^j^jiQj.gy = —iye, spin =t); 

[iei(Pi-ieeiAi)] 

"^"^ = ( E-+m ^ ei {Energy = —ive, spin =1). (59) 
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Four component spinor amplitudes may also be obtained by restricting the direction 
of propagation along any one axis which we suppose Z — axis i.e {px = Py = 0) 
and {Ax = Ay = O^Hz = 0). Accordingly, substituting e; = —iai and ai = 

loy \i J \o -1 

spin up and spin down amplitudes of spin , we get 



along with the usual definitions of 



^1 



( 1 \ 





IpI 



{Energy = +ive, spin =t); 



E++m 

V / 
/ \ 

1 



\ E++m / 

( \ 

E-+m 



1 





{Energy = +ive, spin =i); 



\ 

( \ 

IpI 

E-+m 





{Energy = —ive, spin =t); 



{Energy = —ive, spin =1). 



(60) 



which are the well known usual spinor amplitudes for a Dirac free Particle 



3.3 Case (c): For Electric field due to magnetic monopole 

Here, we discuss the case when we have only electric field associated with magnetic charge 
(pure magnetic monopole) g only. So, by virtue of duality of magnetic charge [27t [28| |29| 
[30] . we take Bq = , Bi ^ 0, = 0. Thus, the equation (137|) reduces to 



1 
-1 




iei 
-iei 



-Pi + ige,B,){ "^M-mf 1=0 (61) 



which yields two coupled equations i.e. 
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At/Ja = iei{Pi - i geiBi)ipa = {E + m)ipb] 



(62) 



where A = = iei{Pi — igeiBi). These two-coupled equations can be decoupled into a 
single coupled equation showing supersymmetry in the following manner 



[iei{Pi -igeiBi)]'^iJa,b = {E - m'^} ipa,b 



so that the super partner Hamiltonian may now be written as 



(63) 



'H_ =A^A = n+ = AA^ = [teiiPi -igeiBi)]^ 



(64) 



Thus the corresponding Dirac Hamiltonian may be defined in the following manner 



H 



D 



m iei{Pi - igeiBi) 

iei{Pi- igeiBi) -m 



(65) 



Like wise, the previous case of electric field, here in case of magnetic field we may also 
obtain M+ = M_ = m and Qd = Qd = i^i{Pi — ig^iBi) along with the supersymmetric 
condition and the following expression for the square of the Dirac Hamiltonian as 



D 



[iei{Pi-igeiBi)f + m'^ 

[iei{Pi-igeiBi) + m^ 



(66) 



Accordingly we may write the Schrodinger Hamiltonian Hs and Supercharges Qg and Q\ 



as 



Qs 

Ql 



[iei{Pi-tgeiBi)Y 

[iei{Pi-igeiBi)Y 

[iei{Pi-tgeiBi)] 




[zeiiPi-tgeiBi)] 



(67) 
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Here, also Hs, Qs and Ql satisfy the well known supersjTiimetric (SUSY) algebra given 
by equation (H7j) . Consequently, we may also obtain the following types of four spinor 
amplitudes of Dirac spinors in presence of pure magnetic field as i.e. 

• One component spinor amplitudes 



[1 + 62 



{Energy = +ive, spin ='[) 



[1 + 62- ^^'^''''^"^''^'''^ )6i (Energy = +ive, spin =1) 

[iei{Pi-igeiBi)] 
E-+m 



62 



62- 



[iei{Pi~igeiBi)] 



-) (Energy = —ive, spin =t) 
)ei (Energy = —ive, spin =i). 



(68) 



Two component spinor amplitudes 



= I [»e,(P,-Le,J?0] I (Energy = +ive, spin =t); 

E++m 

= I lie^iPi-lse^BQ)] 1 ^1 (Energy = +ive, spin =i); 

E++m 
[iei{Pi-ieeiAi)] 

= ( j (^Energy = -ive, spin =t); 

[ieijPi-igeiBt))] 



= ( -B_+m, j (^Energy = —ive, spin =1). (69) 

• Four component spinor amplitudes may also be obtained by restricting the direction 
of propagation along any one axis which we suppose Z — axis i.e (px = = 0) 
and (Bx = By = ^ Ez = 0). Accordingly, substituting ei = —icri and ai = 

1,(72=1 I cr-i = i I along with the usual definitions of 

lOy \i J \0 -1 J 

spin up and spin down amplitudes of spin , we get the four component Dirac spinors 
same as the equation (1^1]) . 

3.4 Case (d): For Magnetic field due to magnetic monopole 

Let us discuss the case when we have only pure magnetic field associated with magnetic 
charge (monopole) g. In this case we have Bq ^ , Bi = 0, = so that the equation 
fl371) reduces to 
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1 
-1 



+ 



iei.Pi 
-iei.pi 



— m 



which further reduces to two coupled equations 



--0 (70) 



A^ifjb = iei.Pitpb = {E + igBo- m)il)a] 



(71) 



where A = = ie^p^. These two-coupled equations f lTT]) can now be decoupled into a 
single equation leading to its supersymmetrization as 



P^ija,b = {{E + igBof - m'} (72) 

so that the super partner Hamiltonian may now be written as equation (14T]) . Correspond- 
ing Dirac Hamiltonian then may be defined as equation fH2|) which can also be written 
as f H5]) after its comparison with the standard Dirac Hamiltonian given by Thaller ^21j 
and thus, leads to M+ = M_ = and Qd = = i^iPi along with the following su- 
persymmetric conditions given by equation (jHj) along with the Dirac Hamiltonian given 
by 



a/2 



[Pi + m^) 






[P? + m") 



Hi + m'l 



(73) 



where / is unit matrix of order 4. Consequently, we may write the Schrodinger Hamil- 
tonian Hs and Supercharges ( Qs and Q\) as given by equation (jlHl ) leading to well 
known supersymmetric (SUSY) algebra relations given by equation (H7|) . Furthermore, 
the following types of four spinor amplitudes of Dirac spinors may also be obtained as 



One component spinor amplitudes 



^1 

^4 



ieiPi 



■ (E+-gBo+m) J {Energy = +ive, spin =t) 

(1 + e2-7B73ffc^)ei {Energy = +ive, spin =i) 

) {Energy = —ive, spin ='|") 

1^2 - ^r^R^^^J ei {Energy = -ive, spin =|). 



62 



■ {E+~sBo+m)' 

ieiPi 

"" (E.+gBo+rn) 

(E.+igBo+m)) 



(74) 
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• Two component spinor amplitudes 



= I ilp, I {Energy = +ive, spin =t); 



(E+- 














gBo+m) / 






(E 


_+gSo+m) 




1 







*2 = ,„.,p, ei (^Jner^t/ = +ii;e, spin =1); 



= I (S-+gSo+m) ^ ei {Energy ^ -ive, spinal). (75) 

• Four component spinor amplitudes may also be obtained by restricting the direction 
of propagation along any one axis which we suppose Z — axis i.e {px = Py = 0) and 

on substitutmg ei — —lai and (7i = , cr2 = I ~ I 

\10y \zO/ \0— 1 

along with the usual definitions of spin up and spin down amplitudes of spin i.e. 



1 





{Energy — +ive, spin —^); 



{E+-gBo+m) 

V y 

/ \ 

1 



IpI 

\ (E+-gBo+m) / 



{Energy = +ive, spin =i); 



( 



\ 



(E_+gBo+m) 





1 





{Energy = —ive, spin =t); 



/ \ 

IpI 

(E_+gBo+"i) 





{Energy — —ive, spin —i). 



(76) 
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4 Discussion and Conclusion 



We have discussed the quaternion Dirac equation in electromagnetic field where the par- 
tial derivative has been replaced by the quaternion covariant derivative in terms of two 
gauge potentials. These two gauge potentials are identified as the gauge potentials asso- 
ciated with a particle which contains the simultaneous existence of electric and magnetic 
charge (monopole). Such type of particles are named as dyons. Thereafter, we have 
established consistently the SUSY for different cases of quaternion Dirac equation for 
dyons. Case (a) deals with the study of supcrsymmetrization of Dirac equation when it 
interacts with electric field produced by electric charge only. Thereby, we have obtained a 
single decoupled equation, super partner Hamiltonians, total (Schrodinger) Hamiltonians 
and Schrodinger supercharges consistently followed by the Dirac Hamiltonian and Dirac 
supercharges. It is shown that the supercharges and Hamiltonian satisfy the SUSY alge- 
bra performing SUSY transformations. Moreover, in this case, we have also obtained the 
solutions of the Dirac equation for one component, two components and four component 
Dirac spinors with various energy and spins. Case (b) is described for a dyon consisting 
electric charge but moves in only magnetic field. Likewise, we have followed the same 
procedure and obtained consistently the particle Hamiltonian and supercharges to satisfy 
the SUSY algebra. Furthermore, we have obtained the consistently one component, two 
components and four component Dirac spinors with various energy and spins. Same pro- 
cedure has also been extended for Case (c) and Case (d) respectively associated with 
the electric and magnetic fields due to the presence of magnetic monopole in order to es- 
tabfish the consistent formulation of SUSY and Dirac spinors of various energy and spins. 
It is concluded that the Case (a) and Case (d) and fikewise. Case (b) and Ceise (c) 
are dual invariant. These cases may also be analyzed by applying the duality transforma- 
tions between electric and magnetic constituents of dyons. It may also be concluded that 
minimal representation for quaternion Dirac equation is described as N — 1 quaternionic, 
N — 2complex and N — A real representation. In fact, the one-component spinor ampli- 
tudes are isomorphic to two component complex spinor amplitudes and four component 
real spinor amplitudes. As such, the higher dimensional supersymmetric Dirac equation 
in generalized electromagnetic fields of dyons may be tackled well in terms of quater- 
nions splitting intoA'^ = 1 quaternionic, N — 2complex and N — A real representations of 
Supersymmetric quantum mechanics. 
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